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Abstract 

We study Ruan's cohomological crepant resolution conjecture |41j for orbifolds with transversal ADE 
singularities. In the A n -case we compute both the Chen-Ruan cohomology ring Hcr.(\Y]) and 
the quantum corrected cohomology ring H*(Z)(qi, q n ). The former is achieved in general, the 
later up to some additional, technical assumptions. We construct an explicit isomorphism between 
HcniW]) an d H*(Z)(— 1) in the Ai-case, verifying Ruan's conjecture. In the A n -case, the family 
H*(Z)(qi, ...,g n ) is not denned for qi = ... = q n = — 1. This implies that the conjecture should be 
slightly modified. We propose a new conjecture in the A n -case (Conj. 11.90 . Finally, we prove Conj. 
11.91 in the ^-case by constructing an explicit isomorphism. 

Mathematics Subject Classification 2000: Primary 14E15; Secondary 14N35; 14F45 

Introduction 

The Chen-Ruan cohomology was defined by Chen and Ruan [TT] for almost complex orbifolds. This 
was extended to a non-commutative ring by Fantechi and Gottsche [18] in the case where the orbifold 
is a global quotient. Abramovich, Graber and Vistoli defined the Chen-Ruan cohomology in the 
algebraic case [Tj. 

Let [Y] be a complex Gorenstein orbifold such that the coarse moduli space Y admits a crepant 
resolution p : Z — > Y '. Then, under some technical assumptions on Z, Ruan's cohomological crepant 
resolution conjecture [41] predicts the existence of an isomorphism between the Chen-Ruan coho- 
mology ring Hc R ([Y],C) and the so called quantum corrected cohomology ring of Z. The later 
is a deformation of the ring H*(Z,C) obtained using certain Gromov-Witten invariants of rational 
curves in Z which are contracted under the resolution map p. Notice that if Z carries an holomorphic 
symplectic structure, then this conjecture also predicts the existence of an isomorphism between the 
Chen-Ruan cohomology ring of [Y] and the cohomology ring of Z. 

An interesting testing case for the conjecture is the one of the Hilbert scheme Hilb r M of r points 
on a projective surface M. It is a crepant resolution of the symmetric product Sym r M via the Chow 
morphism. In this case the conjecture was proved by W.-P. Li and Z. Qin for r = 2 |28| . for r general 
and M with numerically trivial canonical class by Fantechi and Gottsche [18] (using the explicit 
computation of the ring H* (Hi\b r M) given by Lehn and Sorger [26]), and independently by Uribe 
[46| . A different and self-contained proof of this result was given by Z. Qin and W. Wang [37] . In 
the same situation but with M quasi-projective with a holomorphic symplectic form, the conjecture 
was proved by W.-P. Li, Z. Qin and W. Wang [29]. In particular this result generalizes the case 
of the affine plane obtained by Lehn and Sorger [27| and Vasserot |47| independently. The general 
case where Y = V/G with V complex symplectic vector space and G C Sp(V) finite subgroup was 
proved by Ginzburg and Kaledin [21]. Let us point out that in the previous cases (except [28]) the 
resolution Z carries a holomorphic symplectic structure, hence the quantum corrected cohomology 
ring coincides with the cohomology ring H*(Z, C). D. Edidin, W.-P. Li and Z. Qin partially verified 
Ruan's conjecture in the case where M = P 2 and r = 3, there quantum corrections appeared [17] . 

The aim of this paper is to study Ruan's conjecture for orbifolds with transversal ADE singular- 
ities (see Def. I2.10p . An orbifold [Y] has transversal ADE singularities if, etale locally, the coarse 
moduli space Y is isomorphic to a product R x C fe , where R is a germ of an ADE singularity. Notice 
that for any Gorenstein orbifold [Y], there exists a closed subset W C Y of codimension > 3 such 
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that y\H / has transversal ADE singularities. Thus the case we study is the general one if we ignore 
phenomena that occur in codimension > 3. 

We describe the twisted sectors of orbifolds with ADE singularities. After that, we concentrate 
on the transversal A n -case and we address Ruan's conjecture by computing explicitly both the Chen- 
Ruan cohomology (Th. 13. 12 j) and the quantum corrections (Prop. 15. 4p . The former is achieved in 
general, regarding the later we propose a conjecture on the value of some Gromov-Witten invariants 
(Conj. 15. ip which is proved fully in the Ai-case, and in the A n -case (n > 2) under additional technical 
assumptions. In a work in progress with B. Fantechi we give a proof of Conj. 15.11 and compute the 
quantum corrections in the transversal D and E cases. 

We construct an explicit isomorphism between the Chen-Ruan cohomology ring Hq R ([Y]) and 
the quantum corrected cohomology ring H*(Z)(—1) in the transversal Ai-case, verifying Ruan's 
conjecture (Sec. 6.1). In the A n -case, the quantum corrected 3-point function can not be evaluated 
in qi = ... = q n = — 1. This implies that Ruan's conjecture has to be slightly modified. We propose 
a modification in the A„-case (Conj. 11.90 that we prove in the ^2-case, by constructing an explicit 
isomorphism (see Prop. 16.211 . 

The structure of the paper is the following. In Section 1 we review the statement of the coho- 
mological crepant resolution conjecture. Orbifolds with transversal ADE singularities are denned 
in Section 2. Then in Section 3, we compute explicitly the Chen-Ruan cohomology ring of such 
orbifolds. In Section 4 we prove that up to isomorphism the coarse moduli space of an orbifold with 
transversal ADE singularities has a unique crepant resolution Z and we describe the cohomology 
ring of Z. In Section 5, we state our conjecture about the Gromov-Witten invariants of Z (whose 
proof in some particular cases is postponed to Section 7). Using this, we compute the quantum 
corrected cohomology ring. Afterwards we put together these results to verify our modification of 
Ruan's conjecture. 

Notation 

We will work over the field of complex numbers C. Through out this paper, Y and Z will denote 
projective algebraic varieties of dimension d over C. The singular locus of Y is denoted by S and the 
inclusion by i : S — ■> Y . 

A complex orbifold [Y] means a complex orbifold structure over the topological space Y. In this 
context, Y has the complex topology. Our references for orbifolds are |10| . |llj . [33J and (36| . In 
particular notations are taken from [10J and [36J. 

We will work with cohomology groups with complex coefficients, although many results are valid 
for rational coefficients. 

1 The cohomological crepant resolution conjecture 

In this section we recall the statement of the cohomological crepant resolution conjecture as given 
by Y. Ruan in |41j . The conjecture claims a precise relation between the Chen-Ruan cohomology 
ring of a complex orbifold [Y] and the cohomology ring of a crepant resolution of Y, when such a 
resolution exists. 

Definition 1.1. A complex orbifold \Y] is Gorenstein if the degree shifting numbers t( g ) are integers, 
for all (g) G T. 

Notice that, if [Y] is Gorenstein, then the algebraic variety Y is also Gorenstein and in particular 
the canonical sheaf Ky is locally free (see e.g. [38] and [39] for more details). 

Definition 1.2 (|39J). Let Y be a Gorenstein variety. A resolution of singularities p : Z — > Y is 
crepant if p*(Ky) — Kz. 

Crepant resolutions of Gorenstein varieties with quotient singularities are known to exist in di- 
mensions 2 and 3. In particular, for d = 2 a stronger result holds: every normal surface Y admits 
a unique crepant resolution [2J. In dimension d = 3 the existence of a crepant resolution is proven 
e.g. in [40] and in [9], however the uniqueness result does not hold. In dimension d > 4 crepant 
resolutions not always exist. 

We will work under the following 

Assumption 1.3. Let [Y] be a Gorenstein orbifold and p : Z — > Y a fixed crepant resolution. Then 
consider the induced group homomorphism 

p. : H 2 (Z,Q)^ H 2 (Y,Q). (1) 



2 



We assume that the extremal rays contracted by p are generated by n rational curves whose homology 
classes /?i, f3„ are linearly independent over Q. Then (3\, j3 n determine a basis of Ker p* called 
integral basis |41j . 

The homology class of any effective curve that is contracted by p can be written in a unique way 
as T = XwLi m/3i, with the a;'s positive integers. For each /3; we assign a formal variable qi, so T 
corresponds to 9® 1 ■ ■ ■ q% n . The quantum corrected 3-point function is 

<7i,72,73)<jc(gi,--,Qn) := ]P *f (7i,72, 73K 1 ■■■ 9,?*, (2) 

ai , . . . ,a n >0 

where 71,72,73 G H*(Z) are cohomology classes, F = X4L1 a ;A, and (71,72,73) is the genus zero 
Gromov-Witten invariant of Z |41| . 

Assumption 1.4. We assume that (|2|) defines an analytic function of the variables qi,...,q„ on 
some region of the complex space C™. It will be denoted by (71,72,73)90- In the following, when 
we evaluate (71,72,73)90 on a point (gi, ...,q n ), we will implicitly assume that it is defined on such 
a point. 

We now define a family of rings depending on the parameters qi, q n . 
Definition 1.5. The quantum corrected triple intersection (71,72,73)90(91, — , 9n.) is defined by 

(71, 72, 73) P (?i, -,q n ) ■= (71,72,73) + (71, 72, 73)90(91, -,9«), 

where (71, 72, 73) := J z 7iU72U73. The quantum corrected cup product 7i* P 72 is defined by requiring 
that 

(71 * P 72,7) = (71,72, l) P (qi, -,9n) for all j€H*(Z), 
where (71,72) := J z 71 u 72- 

Remark 1.6. Our definition of quantum corrected triple intersection and of quantum corrected 
cup product is slightly different from the one given in [41] . One can recover the original definition 
by giving to the parameters the value qi = ... = q„ = —1, provided that this point belongs to the 
domain of the quantum corrected 3-point function. 

Proposition 1.7 f|13|). For any (91, q„) belonging to the domain of the quantum corrected 3-point 
function, the quantum corrected cup product * p satisfies the following properties. 

Associativity: it is associative on H*(Z), moreover it has a unit which coincides with the unit of the 

usual cup product of Z. 
Skewsymmetry: 71 * p 72 = (— l) dcg Ti' dc s T2^ 2 ^ ^ j QJ . an y g H*(Z). 

Homogeneity: for any 71,72 € H*(Z), deg (71 * p 72) = deg 71 + deg 72. 

Definition 1.8. The quantum corrected cohomology ring of Z is the family of ring structures on 
the vector space H*(Z) given by * p . It will be denoted by H*(Z)(qi, ...,q„). 

We finally come to Ruan's conjecture, whose study is the reason of this paper. 
Cohomological crepant resolution conjecture (Y. Ruan, |41| ) 
Under the above hypothesis, there exists a ring isomorphism 

H;(Z)(-1,...,-1)^H^ r (\Y]). 



As said, this conjecture needs to be slightly modified. In the A„-case we propose the following 

Conjecture 1.9. Let \Y] be an orbifold with transversal A n -singularities and trivial monodromy 
(Def. \3.4\ l, p ■ Z — > Y be the crepant resolution (Prop. \4-«fy - Then the following map 

H* p (Z)( qi ,...,q n )^HZ R ([Y]) (3) 



1/2 



is a ring isomorphism for qi = ... = q„ = £ be a primitive (n + l)-th root ofl. Here Ei, E n are the 
irreducible components of the exceptional divisor (see Notation \4.5\j and ei, e n are the generators 
of the Chen-Ruan cohomology (see Thm. \3.1S\) . The square root in ((3} means, for C, = exp y ^™ j , 

; _ L .-. _ , M i ,_j*l(2-C k -r k ) 1/2 | if 0<m<^±i; 

-i\(2 - ( k - C k ) 1/2 \ otherwise. 
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Remark 1.10. The isomorphism in the previous conjecture is the one conjectured by J. Bryan, T. 
Graber and R. Pandharipande [7] for the A„-case. It coincides with the map found by W. Nahm 
and K. Wendland |34| . In a recent work, joint with S. Boissiere and E. Mann [5], we prove that 
((3j) gives an isomorphism between the Chen-Ruan cohomology ring of the weighted projective space 
[P(l,3, 4, 4)] and the quantum corrected cohomology ring of its crepant resolution. We expect to 
report on the verification of Conj. ll.9l soon. 

In Chapter 2.2 we will see how to get (J3} from the classical McKay correspondence. 

2 Orbifolds with ADE singularities 

In this Section we define orbifolds with transversal ADE singularities. They are generalizations of 
Gorenstein orbifolds associated to quotient surface singularities, also called rational double points. 
Therefore we first recall the definition of such surface singularities and collect some properties. We 
will follow [2], [15] . p], 

2.1 Rational double points 

Definition 2.1. A rational double point (in short RDP) is the germ of a surface singularity 
R C C 3 which is isomorphic to a quotient C 2 /G with G a finite subgroup of SL(2,C). 

Rational double points are Gorenstein. Indeed every variety with symplectic singularities is 
Gorenstein [3]. 

Finite subgroups of SL(2, C) are classified, up to conjugation, and the result of this classification 
is given in the following Theorem. 

Theorem 2.2 ([16J). Any finite subgroup of SL(2, C) is conjugate to one of the following subgroups: 
the binary tetrahedral group E& of order 24; the binary octahedral group Ej of order 48; the binary 
icosahedral group Es of order 120; the binary dihedral group D„ of order 4(n — 2) for n > 4; the 
cyclic group A„ of order n + 1 . 

It turns out that conjugate subgroups give isomorphic surface singularities. Hence the above 
classification induces a classification of RDP's [16] : 

A n : xy - z n+1 = for n > 1 
D n : x 2 + y 2 z + z™ -1 =0 for n > 4 

E 6 : x 2 + y :i + z 4 = (4) 
E 7 : x 2 +y 3 +yz s = 
Eg : x 2 + y :1 + z 5 = 0. 

Resolution graph 

Any rational double point R has a unique crepant resolution p : R —> R\2\. The exceptional locus of 
p is the union of rational curves Ex, E n with self-intersection numbers —2. Moreover, it is possible 
to associate a graph to the collection of these curves in the following way: there is a vertex for any 
irreducible component of the exceptional locus; two vertices are joined by an edge if and only if the 
corresponding components have non zero intersection. The list of the graphs obtained by resolving 
rational double points is given in |15| and in [2]. Each of this graph is called resolution graph of the 
corresponding singularity. 

Notation 2.3. From now on, R will denote a surface in C 3 defined by one of the equations Q, 
i.e. a surface with a rational double point at the origin € C 3 . The crepant resolution of R will be 
denoted by p : R — > R. 

2.2 McKay correspondence 

Let R be a, RDP and G C SL(2, C) be a finite subgroup corresponding to R. We denote by Q = C 2 
the representation induced by the inclusion G C SL(2, C). Let Ao, A m be the (isomorphism classes 
of) irreducible representations of G, with Ao being the trivial one. Then, for any j = 1, m we can 
decompose Q ® Xj as follows 

Q® Xj = aijXi, aij = dim c HomG(Ai, Q ® Aj). (5) 

Definition 2.4. The McKay graph of G C 51/(2, C) is the graph with one vertex for any irreducible 
representation, two vertices are joined by aij arrows. It will be denoted by Vq. If we consider only 
nontrivial representations, then we obtain the graph Tg, which will be called also McKay graph. 
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Remark 2.5. In [32J the representation graph of G (i.e. what we call the McKay graph) was defined 
in a slightly different way. However it can be shown that, for finite subgroups of SL(2, C), the two 
definitions coincide. 

The McKay correspondence, in his original form, states that the graph Fq coincides with the 
resolution graph of R. The correspondence can be obtained geometrically by means of a map that 
identifies the K-theory of the orbifold [R] with that of R, this is done in |22j . We recall briefly this 
construction. 

A G-equivariant coherent sheaf on C 2 is a coherent sheaf F on C 2 together with isomorphisms 

a g : g*F -> F, geG 

which satisfy the obvious cocycle condition. Let K([i£]) the Grothendieck ring of isomorphism classes 
of G-equivariant coherent sheaves on C 2 . As usual, K(7?) denotes the Grothendieck ring of isomor- 
phism classes of coherent sheaves on R. Finally, set R(G) be the ring of isomorphism classes of 
representations of G. For any A € R(G), A v denotes the dual class. 
We have the following 

Proposition 2.6 ([22]). The map that associates, to any representation A of G on the vector space 
Vx, the G-equivariant coherent sheaf ®c V^v induces a ring isomorphism 

R(G)^K([R]). 

We identify the two rings by means of this map. 
Consider now the Cartesian diagram 

C 2 R 

pri l 1 P 
C 2 — - — > R 

where \ is the quotient map. The following result holds. 
Theorem 2.7 ([22]). Let 

ty : R(G) = K([R]) -> K(R) 

defined by 

tt := Inv o pr 2t ° pii* , 

where pr 2si and pr x * are the canonical morphisms and Inv is the application that associates to any 
G-equivariant coherent sheaf M on R the sub sheaf M G of the invariants. Then 

(i) for any irreducible representation A of G, there is a unique component E\ of the exceptional 

divisor E such that 

rk(7r(A)) = degA and d(ir(A)) = a(0 A (E x )). 

The map A Ex is a bisection from the set of irreducible representations of G to the set of 
components of E. For any A / )i, (Ex ■ E^) = a>, M , where the a\^'s are defined in |[5|) and 
(_ • _ ) is the Poincare pairing. 

(ii) 7r is an isomorphism of 1-modules. 

This Thm. can be used to get a correspondence between the Chen-Ruan cohomology of [R] 
and the cohomology of R as follows (we refer to the next Chapter for the definition of Chen-Ruan 
cohomology). We have maps 

Ch(_) • Td(R) : K(R) -> H*(R) (6) 
Ch(_)-Td([R]):K([R]) - H* cn ([R]) (7) 

where Ch and Td are the usual Chen character and Todd class respectively, Ch and Td are the Chern 
character and Todd class for orbifolds as defined by Toen [44], and the multiplications are the usual 
cup products (not the Chen-Ruan one in the second case). Then the map n of Thm l2.7l J6]) and 
give a map between cohomology groups. We work out the details of this computation in the A n -case. 

Identify the group G with Z n +i and set £ = exp(^j) € C*. Let A m be the irreducible represen- 
tation of Zn+i on Vx m whose character is 

I i — ► Q 
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From Thm. [27] we have that 



Ch(7r(A m )) • Td(fl) = 1 + c 1 (Q A (Ex m )) e H*(R). (8) 

We compute now 

Ch (0 C 2 ® c V A v ) • Td([R]) e Hck([R})- (9) 
For any / £ Z n +i, consider the restriction (0 C 2 <S>c K\v,)i( C 2)! °^ ^c 2 ®c K\v to the fixed point locus 
(C 2 ) ! of /. The action of I on (0 C 2 <8>c V\y„)u C 2y l& given by the multiplication by £~ im . Hence 

ch(o c2 ® c y A v)= 53 r im - iH. ( fl (0 ). 

iez„ +1 

where 1h*(.r/„) is the neutral element of the cohomology ring of the twisted sector R(i), for any 
I G Z n +i. Next we compute the class dp] G K([i?i]) defined in |44j , where [i?i] is the inertia 
orbifold. We denote by C the conormal sheaf of [Ri] with respect to [R], i.e. the sheaf on [Ri] whose 
restriction to each twisted sector is the conormal sheaf of the twisted sector in [R\. For any I G Z n+ i, 
set Ci the restriction of C to [R(i)\. Then, if I = 0, Ci has rank 0. Otherwise it is given by the 
representation Ai © X„ of Z n +i. 

A_i(C) = 1 -C* + A 2 C, 

hence 

fl if 1 = 0; 

(QM)|(C2)! -l2-C i -C- i otherwise. 



Therefore 



Finally, we get 



n 1 

Td([7?]) = lH-(fl (0) ) + 2 -r ; -r-i ' 1h *< b <0>- 



71 i l TTl 

Ch(O c2 ® c VA m )-Td([fl]) = 

1=1 ^ ^ 

Remark 2.8. The previous procedure gives the following map 

H 2 (R) - H 2 CR ([R\) 



9 - 

!=1 



-Im 



2-C-C 



-(-:,. 



where we have used the same notation as in Conj. 11.91 It follows from Prop. 16.21 that this is not a 
ring isomorphism. But it is clear how to change the procedure to get the correct map. 

However the previous computation gives a way to get the isomorphism between the Chen-Ruan 
cohomology and the quantum corrected cohomology of the crepant resolution in the ^4Di5-case. This 
will be object of further investigations. 



2.3 Definition of orbifolds with transversal ADE singularities 

We use the language of groupoids, and refer to [10] and to the references there for a more detailed 
discussion of the relations between orbifolds and groupoids. To fix notations, we recall that an 
orbifold structure on the paracompact Hausdorff space Y is defined to be an orbifold groupoid Q 
with a homeomorphism / : \Q\ — > Y. Two orbifold structures (G,f) and (Q , f ) are equivalent iff Q 
and Q' are Morita equivalent and the maps / and /' are compatible under the equivalence relation. 
Then an orbifold [Y] is defined to be a space Y with an equivalent class of orbifold structures. An 
orbifold structure {Q, f) in such an equivalence class is a presentation of the orbifold [Y]. The orbifold 
[Y] is complex if it is given in addition a complex structure on the tangent bundle TGo, which is 
equivariant under the ^-action. 

An orbifold structure over Y can also be given by an open covering {V a } of Y and, for any a, a 
smooth variety U a , a finite group G a acting on it, and an homeomorphism \a '■ U a /G a — > V a . This 
data must satisfies the condition that, whenever u £ U a and u £ Up map to the same y € Y, then 
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there exist neighborhoods W C U a of u and W C Up of u , and an isomorphism f> : — » W which 
sends u in u' such that the following diagram commutes 

W w 

Y Y 

Then, if we set 

Go := U a U a , 

Gi := {(u, ip, u')\u and u'map to the samey £ Y, and is a germ of a local isomorphism as above} 

and the structure maps defined in the obvious way, we obtain a groupoid Q which is an orbifold 
structure on Y . 

We say that the variety Y has transversal ADE singularities if the singular locus S is connected, 
smooth, and the pair (S, Y) is locally (in the complex topology) isomorphic to (C x {0}, C k x R). 
We have the following 

Proposition 2.9. Let Y be a variety with transversal ADE singularities. Then there is a unique 
complex holomorphic orbifold structure [Y] on Y such that the fixed point locus of the local groups 
has codimension greater than 2. 

Proof. This is a particular case of the well known fact that every complex variety with quotient 
singularities has a unique orbifold structure such that the fixed point locus of the local groups has 
codimension greater than 2 (see e.g. |43|). □ 
Definition 2.10. An orbifold with transversal ADE singularities is the orbifold [Y] associated 
to a variety Y with transversal ADE singularities as in Prop. \S.9l 

Notation 2.11. Let [Y] be an orbifold with transversal ADE singularities. In the rest of the paper, 
we will use the presentation (Q, f) of [Y] defined as follows. Let y £ Y be a point. If y ^ S, take V a 
to be a smooth open neighborhood of y, U a := V a and Xa '■= idv^ • If y £ S, then set V a an open 
neighborhood of the form 

y Q = c fc x r, 

U a := C fc x C 2 , 
Got G 

and 

— 

Xa '■ Ua/Ga > Y a , 

where G a acts on U a := C k x C 2 only on the second factor. The presentation of [Y], (G,f), is 
constructed as explained in the beginning of the Section. The triple (U a , G a , Xa) is called orbifold 
chart at y. 

Remark 2.12. If Y is a 3-fold with canonical singularities, then with the exception of at most a finite 
number of points, every point in Y has an open neighborhood which is nonsingular or isomorphic to 
C x R [38]. 

3 Chen-Ruan cohomology 

In this Section we compute the Chen-Ruan cohomology of orbifolds with transversal A n singularities. 
As a vector space, the Chen-Ruan cohomology of [Y] is defined by 

H*cn{[Y]) :=e (9)eT fT- 2 '< S >(y (9) ), 

where Y( ff j is the coarse moduli space of the twisted (untwisted) sector [Y( g )] ([Y(i)]), T is the set 
of connected components of the inertia orbifold [Yi], and t( 9 ) is the age (also called degree shifting) 
We work with cohomology with complex coefficients, so H*(Y^) denotes singular cohomology 
with complex coefficients. 

The orbifold cup product Ucr is defined in terms of an obstruction bundle [E] , which is an orbifold 
vector bundle over the orbifold [V3 ], the sub-orbifold of the orbifold of 3-multisectors corresponding 
to elements ((71,32,(73) £ Sg such that gi ■ g% ■ 33 = 1, |10| 

There is an orbifold morphism 

[r] : [Yi] -> [Y] 

whose underlying continuous map is 

T : Yl -» Y 



7 



3.1 Inertia orbifold and monodromy 

We study some properties of the inertia orbifold of an orbifold [Y] with transversal ADE singularities. 
The presentation of \Y] described in Not. 12.111 will be used. 

Lemma 3.1. The orbifold [Y] induces a natural orbifold structure on S. 

Proof. Let s and t be the source and target maps of Q, and denote by F : Go — > Y the composition 
of the quotient map Go — ► \Q\ followed by /. We define 

H := F~ 1 (S) and Hi := r x {Ho). 

Since t~ 1 (Ho) = s~ (Ho), we obtain a groupoid TL whose structure maps are the restriction of the 
structure maps of Q to Ho and Hi. The orbit space \TL\ is contained in \Q\ and the restriction of / 
to \H\, /|, is an homeomorphism from \H\ to S. Then (7~L, f\) is the orbifold structure on S. □ 

Notation 3.2. We denote by [5] the orbifold given by the equivalence class of (TL,f\). [S] can be 
viewed as sub-orbifold of [Y]. The normal vector bundle of [S] in [Y] is denoted by [N]. 

Proposition 3.3. 1. The restriction of t :Y\—>Y to the coarse moduli space of the union of the 
twisted sectors, ^^g)Mi)Y(g) , * s a topological covering 

T \ '■ U (9)^(l) Y (9) -> S - 

2. For any point y £ S , the fiber (t|) _1 (i/) is canonically identified with the set of conjugacy classes 
of the local group G y := (s, t)~ 1 (y, y) which are different from the class of the neutral element 
(1), and hence with the set of the non trivial irreducible representations of G y . 

3. For y S S, the fiber [N] y of the normal bundle of [S] in [Y] is a 2-dimensional representation 
of G y , let Toy be the McKay graph of G y with respect to [N] y . Then, the monodromy of the 
covering T\ at y takes values in the automorphism group of the McKay graph Ta y ■ 

Proof. 1. Following [10J, we consider the following Cartesian diagram which defines Sg and ty 

Sg > G\ 

ttI l( Sl t) (10) 

Go > Go x Go 

where A is the diagonal. Sg is a (5-space with action given by 

Gi s x n Sg -> Sg (11) 
(a, b) i— > aba -1 

and the action-groupoid Q x Sg is a presentation of the inertia orbifold [Yi] . 

Let tt\h ■ Ss\b Ho be the base change of ty with respect to the inclusion Ho — > Go (Ho is 
defined in the proof of the previous Lemma). With respect to our presentation of [V] (see Not. 12.11)) . 
we have 

Ss\h — Ho x G. 

The action of Q on Sg restricts to an action on Ho x (G— {1}), which under the previous identification 
is described as follows 

((u,(p,u'),(u,g)) i-> (u = ip(u),ip° goy- 1 ). (12) 

The associated action-groupoid, Q x (Ho x (G — {1})), is a presentation of Li( g )jt(i) \Y(g)]- The re- 
striction of Q x (Ho x (G — {1})) to (U a ) Ga x (G — {1}) is isomorphic to the action groupoid 

G x ((U a ) G x (G - {1})) =5 (U a f x (G - {1}), 

moreover the orbifolds [G x ((U a ) G x (G — {1})) =4 (U a ) G x (G — {1})] form an open covering of 
LI( g )5£(i)[Y(0)]. Thus we see that (r|)~ 1 ((L r a ) G ) is disjoint union of copies of (U a ) G and the restriction 
of 7] on any of these components is an homeomorphism. This proves the statement. 

2. It follows from diagram lfT0)l and the action ifTTIl that 

(ri)-\y) = (n-\y) - {id,})/^- 1 ^ = (G y - {id y })/G y 

where G y acts by conjugation. This establish the correspondence between fibers of T| and conjugacy 
classes of local groups. 
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3. Let y G S. Using the chart (U a ,G a ,Xa) at y we get an identification of the local group G y i with 
G a = G, for any y € (U a ) G ■ It is clear that these identifications respect the McKay graphs. It 
remains to show that, if y £ V a flVp, the isomorphism G a = Gp induced by the orbifold structure 
respects the McKay graphs. 

We recall that, in this situation, if W C U a and W' C Up are neighborhoods of X^iy) and 
X^iv) respectively, and (f> : W — » W' is an isomorphism such that Xp ° <P — Xa, then there exists a 
unique isomorphism A : G a — > Gp such that <p is A-equivariant [33]. We identify the representations 
of G a with that of Gp by means of A. In this way the irreducible representations correspond to 
irreducible representations. Finally, the linear map 

Xa <,vr Xp (y) x fj (y) p 

gives an isomorphism between the representations N v g / Ua of G a and Nya of Gp. Now the 
statement follows from the definition of the McKay graph and of the monodromy of a topological 
cover, see e.g. |31| . □ 

Definition 3.4. Let [Y] be an orbifold with transversal ADE singularities, y G S . The monodromy 

of [Y] in y is the monodromy, in y, of the topological cover 

it is denoted by the group homomorphism 

m y : 71-1(5,2/) -> Aut(T| -1 (2/)). 

Remark 3.5. For G = A n , n > 1, D n n > 4, Ee, E7, Es (see Th. 12 . 2 p . the automorphism group of 
Tg is given as follows: 



G 


Aut(r G ) 


Ai 


{1} 


A n 


n > 2 Z 2 


D 4 


63 


D n 


n > 5 Z 2 


E 6 


Z 2 


Er 


{1} 


Eg 


{1} 



where we have written on the left side the group G and on the right Aut(rG). 

The previous considerations give constraints on the topology of the spaces Y( 9 ) for (g) € T. The 
following Corollary is an easy consequence of Prop. 13.31 

Corollary 3.6. Let [Y] be an orbifold with transversal ADE singularities. Then, if the monodromy 
is trivial, all the coarse moduli spaces of the twisted sectors are canonically isomorphic to S. 

If the monodromy is not trivial, there exists an open neighborhood U of S and a covering space U — > 
U such that U has a structure of orbifold with transversal ADE singularities and trivial monodromy. 

Proof. For any (g) 7^ (1), the map 

T \Y (g) ■ Y (g) -> S 

is a connected topological covering. If [Y] has trivial monodromy, then i"|y (g) has also trivial mon- 
odromy. It follows that T\ Y(g) is an homeomorphism. 

Assume now that the monodromy is not trivial. Let U C Y be a tubular neighborhood of S and 
y £ Y a, point. Then the representation 

: m(S,y) -> Aut(r | _1 (y)) 

guarantee the existence of a covering U — ► U with the same monodromy m y . Since (7 — > (7 is a 
local homeomorphism, U is a complex analytic space with transversal ADE singularities, hence it 
has a structure of orbifold with transversal ADE singularities [U] . By construction [U] has trivial 
monodromy. □ 

Remark 3.7. Notice that the twisted sectors [Y( ff )] of [Y] depend only on a neighborhood of S in 
Y. Indeed, let U C Y be an open neighborhood of S in Y, then U is a variety with transversal ADE 
singularities and the twisted sectors [U( g )] of [U] are canonically isomorphic to [Y( s )]. So, 

[Yi] = [Y] U 

(9)ST,( 9 )#(1) 
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Corollary 3.8. Let [Y] be an orbifold with transversal A n singularities and trivial monodromy. If 
n > 2, then the normal bundle [N] of [S] in [Y] is isomorphic to the direct sum of two line bundles 
[N] 3 and [N] g l on [S], 

[N] S [N] s © [AT -1 . 

Proof. A presentation of [N] is given by the 7i-space Nh /g — * Ho, [10]. The subset Sg\H of Gi 
(see l|10p) acts on Nu /a ~ * fixing the source points. Because of our special presentation (Q, f) 
we have the identification 

Sq\h — Ho x G = Ho x Z n +i, 

then 

Nho/Oo = (NH a/G „) e © (Nh /g ) 3 , 
where g : Z n +i — > C* is a generator of the group of characters of Z n +i, and Z n +i acts on each factor 
by multiplication with the corresponding character. 

In general, (N Ho /a ) B — > Ho and (N Hq / Go ) b — > ffo are not 7i-spaces. However, if the 
monodromy is trivial, we identify the local groups G y with Z n +i in such a way that, for any 
{u,g) e Ho x Z n+ i and (u,ip,u') G Gi, 

cpo g o = g. 

Now, let s, t : H\ ~ > Jfo be source and target maps of TL. The previous considerations imply that 
the map 

$:s*(N Ho/Go )° - t*(iV ffo/Go ) fl 

is an isomorphism of vector bundles over Hi. $ is compatible with the multiplication of the groupoid, 
hence {N Ho / Ga ) e defines the orbifold line bundle [N] B . In the same way, (N Ho / Go ) s defines [N] B 

□ 

3.2 Chen-Ruan cohomology ring 

We now describe the Chen-Ruan cohomology ring of an orbifold [Y] with transversal A n singularities. 
We first study the case n = 1. In this case, there is only one twisted sector which is isomorphic to 
[S]. Then, as a vector space, the Chen-Ruan cohomology is given by 

HZ R ([Y]) = H*(Y)(BH*- 2 (S)(e}. 

The obstruction bundle has rank zero (see e.g. |18|). so its top Chern class is 1. Then 

(81 + ai&) Ucr (82 + a' 2 e) = 5i U <5 2 + ii»(ai U a 2 ) + (i*(8i) UQ2+Q1U i*(8 2 ))e 

where 5\ + aie, 82 + a 2 e G H*(Y) © H*~ 2 (S){e). This can be deduced e.g. from the Decomposition 
Lemma 4.1.4 in fTTj . 

Case A n with n > 2 and trivial monodromy. 

We will use the following convention. 

Convention 3.9. Since the monodromy is trivial, we identify the local groups G y with Z n +i- We 
use both the additive and multiplicative notations for the group operation. 

Notation 3.10. The orbifold cup product can be described in terms of the Chern classes of [N] s 
and [A] 8 . But for later use we find more convenient to describe it in a different way. Consider the 
morphism 

/ : [S] - S 

that, naively speaking, forgets the orbifold structure. It is easy to see that 

({N] s f n+1 ^ f*M, {[N] B j ^f*L and [N] B ® [N] B ^ f*K, (13) 

for some line bundles M, L and K on S. The orbifold cup product will be expressed in terms of the 
Chern classes of M, L and K. 
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Notation 3.11. Prom Cor. 13.61 we have that the topological space Y( a ) underlying the non-twisted 
sector [Y( a )} is canonically homeomorphic to S, where a £ {1, n + 1}. In particular the cohomology 
group H*(Y (a) ) is identified with H*(S). We will denote H*(Y {a) ) by H*(S){e a ). 

Theorem 3.12. Let [Y] be an orbifold with transversal A n singularities. Assume that the monodromy 
is trivial. Then, as a vector space 

H*cn([Y}) = H*{Y) ®l±\ H*~ 2 (S)(e a ). (14) 

The orbifold cup product is skewsymmetric and it is given as follows: 

1. aU C R./3 = aU/3e H*(Y) if a, fi G H* (Y) 

2. e a U C R(3 = i*{l3)e a € H*(S) if P £ H\Y) 

3. e a UcB.ei, = ^i*([S]) eH*(Y) ifa+b = mod(n+l) 
4- e a Ucr e b = ^j-ci(L)e a+ 6 ifa + b<n + l 

5. e a Ucr e b = ^ci(M)e a+{) _„_i if a + b > n + 1, 

where L and M are the line bundles defined by equations l|13p . i : S — > Y is the inclusion of the 
singular locus in Y and [S] € H°(S). 

Proof. Equation lfl4|l is a direct consequence of Prop. 13.61 The skewsymmetry of Ucr follows 
from the fact that [Y] is Gorenstein. Finally, the description of Ucr follows from the Decomposition 
Lemma 4.1.4. in [TT] and a formula for the obstruction bundle [Y] that we explain now. 
Following [10] we set 

Sq := {(ai, a 2 ,a 3 ) G Gf\s(ai) = t(flx) = s(a 2 ) = t(a 2 ) = s(a 3 ) = t(a 3 ), at ■ a2 • a 3 = 1}. 
The anchor map is defined as 

7T3 : Sq — > Go 
(01,02,03) H-> s(0l), 

and the groupoid Q acts on S§ as follows 

Gl s X 7T3 Sq > Sq 

(6,(01,02,03)) 1— > (6 • ai ■ b^ 1 , b ■ a2 ■ b ■ 03 • b' 1 ). 

The action groupoid Q tx So is a presentation for the orbifold [Y 3 ] . We have a decomposition of [Y 3 ] 
as disjoint union of its connected components: 

K 3 ]=U (a)eT g[F (fi) ], 

where a := (oi, 02, as) and Tq is the set of connected components of [^o 3 ]- L e t be the pre-image 
of [V(aj] with respect to the natural map So — > [^c?]- Then the action of 5 on So restricts to an 
action on Sfoj giving a presentation for [V(a)]- We denote by [E(a)] the restriction of the obstruction 
bundle [E] to \Y {s) \. 

If ai = 0, a 2 = or a 3 = 0, then [-E(a)] has rank 0, |11| Lemma4.2.2, |18| Lemma 1.12. Hence, it 
remains to consider the case where (01, 02, 03) / (0, 0, 0). Under the hypothesis of trivial monodromy 
and with our choice of Q, it follows that 

Tq = {(01, 0,2,0,3) £ Z* +1 |ai + 02 + 0,3 =0}, 

and 

S( a ) = Ho x {(a)}. 

Let E -» P 1 be the Galois cover of P 1 , with Galois group the subgroup ((a)) of Z„+i generated by 
01, 02,03, branched over 0, 1, 00 6 P , and with monodromy 01, 02, a 3 at 0, 1, 00 respectively. Then, 
[E(a)] has the following presentation 

(fr l (E,OB) ® (n^TGo)^)^ -» fife), 

where ()^-^ means the ((a)) -invariant part with respect to the action on both factors. We replace 
now, in the previous expression, TGo with the normal bundle N Hq /q , and E with the Galois cover 
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C -> P 1 with Galois group Z n +i induced by the inclusion ((a)) C Z n +i. We get the following 
presentation for [-E(a)]: 

{H\C,O c ) ® (^riVH / Go )) Z " +1 - (15) 
Notice that p : C — > P is an abelian cover in the sense of [35], so 

where Z* +1 is the group of characters of Z n+ i and Z, I+ i acts on (£ -1 ) c via the character c. Hence, 
lfl5|l becomes 

(H x {C,Oc) <8 (Traf JVfl- /o a )|s (a )) Zn+I (16) 

By Prop. 2.1 of |35| , see also [10], we have that 

fo(2) ifai + a 2 <n + l, 
\0{i) iia 1 +a 2 >n+l 



L B = 
and 



L 



_ fc(l) ifoi+a 2 <n + l, 
~ \0{2) ifa!+a 2 >n + l 
This concludes the proof. □ 



The general case. 

We now study the case in which the monodromy is not trivial. We first notice that it is enough 
to compute the Chen-Ruan cohomology ring 

H~cr([U]), 

where U C Y is any open connected neighborhood of S. By Cor. 13.61 there exists a U and a 
Z 2 -covering 

p : U -> U 

such that [U] has trivial monodromy. There is a unique morphism of orbifolds 

[p] : [U] - [U] 

with associated continuous map p. Moreover we have a morphism between the inertia orbifolds: 

[ Pl ] : [U x ] -» [f/x]. 
The group Z 2 acts on _f/5 R ([t/]) and the morphism 

Vl ■■ H* cn ([U}) - HS R ([C/]) 



induces an isomorphism between Hcr([^]) an d (^cr,([^])J 1 as vector spaces. We will denote by 
p* this isomorphism. 

Proposition 3.13. TTie restriction of the orbifold cup product to [Hck{[U])) defines an associa- 
tive product such that 

Vl : H* cn (lU]) ^ (iJ£ R ([t/])) Z2 

is a ring isomorphism. 

Proof. Cor. 13.61 imply that we can identify the coarse moduli space of [Ui] as follows 

Ui^U U aeZri+1 _ {0} S x {a}, 

where S := p~ 1 (S). Z 2 acts on Ui by the monodromy of p : U —> U on U , and on U agZri+1 _{ }Sx {a} 
through 



e : LI<tez n+1 -{o}S x {a} -> U aeZn+1 _ {0} S' x {a} 



(3/, a) 1 ^ (e-y,-a) 

where y e ■ y is the monodromy on S. This action induces an action of Z 2 on Ug in a natural 
way. Prom the description of the obstruction bundle [E] — > [i/3] as given in the proof of Th. l3~T2l it 
follows that 

e*[E]^[E] 

for e G Z 2 . Then the result follows. □ 
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3.3 Examples 

We give here some special examples of Chen-Ruan cohomology rings. 

Example 3.14. : surface case. Let Y be a projective surface with one singular point of type A n , 
So S — {p} is a point and a neighborhood U of p € Y is isomorphic to 

U {(x, y, z) G C 3 : xy - z n+1 = 0}. 

Here U is the quotient of C 2 by the action of the group p, n +l given by e ■ (u,v) = (e ■ u,e _1 • v), 

As a vector space 

tfck([Y]) = H*(Y) © H*" 2 (5)(ei) ... H*-\S){e n ). 
The product rule is given by 

_ Jo if i+j ^0(modn + l), 

e ' UCRej ~ \^U[S\ £H 4 (Y) ifi+j = 0(modn + l). 

Example 3.15. : transversal ^2-case, trivial monodromy. In this case we have 

Hc R ([Y]) = H*(Y) © H- 2 (S){ ei ) © H*- 2 (S)(e 2 ) 

as a vector space. Given Si + a.\e.\ + (3ie2, 82 + «2ei + 02£2 £ Hq K (Y), the following expression for 
the orbifold cup product holds: 

(Si +Qid +0ie 2 ) Ucr (5 2 +a2ei+p2e2) = diU62 + h*(aiUp2+0iUa2) + 

(i*(5i) Ua 2 +mU i*(5 2 ) + Pi U U d(L))ei + 
U ft + Pi U i*(<5 2 ) + Qi U q 2 U ci(M))e 2 . 

4 Crepant resolution 

In this Section we show that any variety with transversal ADE singularities Y has a unique crepant 
resolution p : Z — *■ V. Then we restrict our attention to the A n -case and trivial monodromy. In this 
case we describe the exceptional locus E in terms of the line bundles L, M and K defined in Not. 
13.101 Finally we compute the cohomology ring H*(Z) of Z in terms of the cohomology of Y and of 
the Chern classes of L, M and K. 

4.1 Existence and unicity 

First observe that if R C C 3 is a rational double point. Then R has a unique crepant resolution 
p : R — > R, where R can be obtained by blowing-up successively the singular locus. The exceptional 
locus C C R is the union of rational curves C; with self-intersection Ci ■ Ci = —2. The shape of C 
inside R is described by the resolution graph (Section 2.1). 

Example 4.1. (Resolution of A„- surface singularities). Let 

R = {(x,y,z) e C 3 : zi/ - 2 n+1 = 0} 

be a surface singularity of type A n . Let r : Ri = BIqR —* R be the blow-up of R at the origin. Then 
Ri is covered by three open affine varieties U, V and W, where 



V W\ _ „ 3 /1>\ „,_i /U> 



n+1 

u u J \uJ \ u / 



V 



W W/ 

and the restriction of r to J7, V, W is given by 



/ v w\ ( v w\ , , 

r\v ■ [x,-, — \ 1 * a:- J = 2) 

: (y,-, — J ^ [y-,y,y— )={x,y,z) 

r|w :(»,—, — ) 1 * U— ,2— ,z) = (x,y,z). 

V to w/ V W TO / 
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If n = 1, Ri is smooth and the exceptional locus is given by one rational curve C. A direct 
computation shows that C ■ C = —2. If n > 2, Ri has a singularity of type A n -2 at the origin of W 
and the exceptional locus is the union of two rational curves meeting at the singular point. Then, 
after a finite number of blow-ups, we get a smooth surface. 

Let R be the first smooth surface obtained in this way, p : R —> R the composition of the blow-up 
morphisms and C = C\, ...,C„ be the components of the exceptional locus. Then Ci ■ Ci = — 2 for 
any / £ {1, n} and moreover there exists an isomorphism of sheaves 

P*K R Si K k . 

Hence p : R — * R is crepant. 

We have the following result. 

Proposition 4.2. Let Y be a variety with transversal ADE singularities. Then Y has a unique 
crepant resolution p : Z — > Y up to isomorphism. 

Proof. To prove the existence, one can proceed as follows. Let r : BlsY — > Y be the blow-up of Y 
along S. If BlsY is smooth, then define Z := BlsY and p = r. Otherwise, blow-up again. As in the 
surface case, after a finite number of blow-up, we will find a smooth variety. Define Z to be the first 
smooth variety obtained in this way, and p be the composition of the blow-up morphisms. We now 
show that p* Ky = Kz- In general we have 

n 

p*K Y = K z + ^2aiE h 
i=i 

where Ei are the components of the exceptional divisor E of p and a; are integers defined as follows. 
Let z £ Ei be a generic point, and gi = be an equation for Ei in a neighborhood of z. Let s be a 
(local) generator of Ky in a neighborhood of p(z). Then ai is defined by the equation 

p*(s) = gf ■ (dzi A ... A dz d ), 

where z\, Za are local coordinates for Z in z |12| . In our case, Y is locally a product 7? x C fc , so 
Z is locally isomorphic to R X C fe , with k — d — 2. Then, since 7? — > 7? is crepant, a; = for all 
J 6 {1,. ..,«*}• 

We now prove unicity. Assume that pi : Z\ — > Y is another crepant resolution of Y. By [19] . 
Lemma 2.10, the exceptional locus of pi is of pure codimension 1 in Z\. Let Is/y be the ideal sheaf 
of S in Y. The sheaf J := p^ 1 (I S /y) ■ Oz x is the ideal sheaf of the exceptional locus of pi, hence it 
is invertible. Moreover, we get a morphism Z\ — * BlsY which lifts pi [23] . Repeating this argument 
we get a morphism / : Z\ Z. To see that / is an isomorphism we notice that the morphism 

A d Tz 1 -> /* A d T z 

is an isomorphism since it corresponds to a non zero global section of Oz 1 (Kz 1 — f*Kz) = Oz t - 
This shows that / is a local isomorphism, and since it is birational, it is one to one. □ 

4.2 Geometry of the exceptional divisor 

We now restrict our attention to varieties with transversal A n singularities such that the associated 
orbifold [Y] has trivial monodromy. In this case any component of the exceptional divisor has a 
structure of P 1 -bundle on S and we describe it as the projectivization of a vector bundle of rank 2. 
These vector bundles will be defined in terms of the line bundles L, M and K previously introduced. 
This will allow us to give a description of the cohomology of Z in terms of the Chern classes of L, 
M and K so that we can compare the Chen-Ruan cohomology ring HckQX}) (Th. 13. 1 2|) with the 
cohomology ring H*(Z). 

Notation 4.3. Prom now on Y denotes a variety with transversal A n singularities such that the 
associated orbifold [Y] has trivial monodromy. The crepant resolution obtained by blowing-up the 
singular locus i : S — > Y is denoted by p : Z — > Y. The exceptional divisor will be denoted by E and 
by j : E — > Z the inclusion, the restriction of p to E by ir : E — > S. 

For every vector bundle F over the variety X, by V(F) we denote the projective bundle of lines 
in F as defined in [20J Appendix B.5.5 (and therein denoted by P(F)). On f(F) there is a canonical 
line bundle Of(1). So, for any integer m € Z, we have the line bundle Of{iti) on V(F), for further 
details see [20J. 

The Ai case 
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Proposition 4.4. Let Y be a variety with transversal Ai singularities. Then E is irreducible and 
there exist two vector bundles F and G on S with rank 2 and 1 respectively such that 

E^¥(F), 

N E /z <=0 F (-2)®n*G. (18) 

Moreover F and G are related by 

A 2 F®G = R\ t N E/z . (19) 

Proof. We have that Z = BlsY and the normal cone CsY of S in Y is a conic bundle with fiber 
isomorphic to {(x,y,z) G C 3 : xy - z 2 = 0}. Therefore vr : E = P(C S Y) -> S is a P 1 bundle over S 
and in particular it is irreducible. Since S is smooth, there exists a rank two vector bundle F on S 
such that E = P(_F). Let us fix one of these bundles and denote it by F. The normal bundle N E / Z 
is a line bundle whose restriction on each fiber 7r _1 (s) is isomorphic to P i(— 2), then l|18p follows. 
Using the projection formula (see e.g. [23]), we have lfl9ll . □ 

The case n > 2 

Notation 4.5. Since the monodromy is trivial, the exceptional divisor E of p : Z — *■ Y has n 
irreducible components. We denote such components by E\, E n in such a way that 



El H Em = 



if |l-m|>l, 
^0 if |l-m|=l. 



The restriction of 7r : _E — > S to is denoted by tyi : iJ; — > S, and the restriction of j : S — > Z to i?; 
by J; : Ei —> Z, for Z g {1, rt}. We denote by /3i the generic fiber of m- 

Proposition 4.6. There are line bundles Li,Mi on S, for I £ {1, ■■■,n}, such that: 

a. for any I G {1, n} there is an isomorphism Ei = P(L; © Mi) (which we fix for the rest of the 

paper); 

b. Li <g> Mi = M ® (A" v )®', for all I e {l,-..,n}; 

c. under the identification of Ei with P(L; © M;) in a, toe /iai;e </ie following description of the 

intersection locus of two components of E: 

(9 if\k-l\>l, 
E k n Ei = I P(Mz-i) c if k = 1-1, 

[p(£i) c B, if k = 1-1. 

Proof. We prove the Proposition in the following way: we identify Z with the variety obtained 
from Y after a finite number of blow-ups; we will show that at each blow-up the normal cone to the 
singular locus is the union of two vector bundles of rank two over S; finally we describe these vector 
bundles in terms of L, M and K. 

Let (G,f) be the presentation of [Y] described in Not. 12.111 We identify Y with the orbit space 
\Q\ through /. For any component U a of Go, we denote with (w_ a , u a , v a ) the standard coordinate 
system for U a . Then \a ■ Ua —* V a is given as follows 

For any y G S, let u G U a and u G Up be points over y, i.e. Xa{u) = Xb{ u ') ~ V- Let <p a f3 be 
the Z n +i-equi variant isomorphisms between neighborhoods of u and u such that tp a g(u) = «', and 
$a/3, F a p,G a f3 the components of tp a fj with respect to the coordinates (wa,up,Vf3). Since fa/3 is 
Zn+i-equivariant, we have the following change of variable expression 

fdF af) X n+ \ h . 
xp = x a y — J + higher order terms 



II 



n+l 



/ dG a p\ 

y ? = Va \-d^r) +h -°- t - 

dF afJ dG a/3 
z/3 = z a — hh.o.t.. 

au a av a 

n + l 



Notice that f^j A^f) and „ 0/3 are transition functions for M, L and 7f respec- 

tively (Not. I3.10p . To conclude, we distinguish two cases: n even and n odd. 
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From the previous considerations it is clear that the normal cone of S in Y is the union of two 
irreducible components, C\ and Ci. Moreover C\ and C 2 have a structure of vector bundles of rank 
2 over S and they are given by 

Ci m e if 

C 2 ~ L © if. 

Furthermore the intersection Ci nC 2 in CsF is given by the line bundle if. Then we define L\ := M, 
Mi = L n ■= if, M„ := L, 

If n = 2 the result holds, otherwise BlsY is a variety over Y with transversal A n -2 singulari- 
ties, the exceptional divisor is P(C S Y) = P(Ci) U P(C 2 ), the singular locus is P(Ci) n P(C 2 ). Let 
(a a , &a, Za), (dp,bp,Zp) be coordinates in a neighborhood of the singular locus. The blow-up mor- 
phism, in these coordinates, is given by: x a = a a z a , y a = b a z a , z a = z a . The two systems of 
coordinates, (a a ,b a , z a ) and (ap,bp, Zp) are related as follows: 



ap = — 



Xp _ F2p ( a aZ a ) 

Zp F a p ■ Gap 



bp = M = G "f^ (20) 
zp r a ■ U a p 

Zp = F a p ■ G a fj. 

Notice that, on the right hand side of the first two equations, both numerator and denominator are 
multiples of z a . So, after dividing by z a , l12Q[| becomes 



n+l 



ap = a-a-r^z ^ — r- + h.o.t.'s 



(^) 



'fag SG af3 \ 
du a dv a J 

Zp ~ F a p ■ G a p- 



n+l 

+ h.o.t.'s 



Then the normal cone of the singular locus, after the first blow-up, is the union of the irreducible 
components (M ® if v ) © if and if © (L <g> if v ) intersecting along if. 

Under the identification of the strict transform of P(C S F) with P(M © if) U P(if © L), we have 
that P((M ® if v ) © if) n P(M © if) = P(if) C P(M © if), P((M ® if v ) © if) n P(M © if) = 
P(M ® if v ) C P(M ® if v © A") and P(M © if) n P(if © (L ® if v )) = 0. We set L 2 := M ® if v , 
Ai 2 = L n -i := if and M„_i :— L ® if v . Proceeding in this way, after k — n/2 steps we get the 
result. 

n — 2k + 1 odd 

We can identify E k +i with W(Lk,+i © Mk+i) in such a way that point c of the proposition is verified. 
The only thing we have to show is that 

L k+1 ®MZ +1 ^M®(K v f k+1 . 

This can be seen in the following way. Write 

N E k + 1 /Z = Lk + 1 <sM k + 1 (-2) ® tyI +1 G 

for some line bundle G on S, so 

^W> (ifc+l) =^i®G. 

On the other hand, 

NB ^/ z \nL h+l) = N ^n Ek+l/Ek =L k ® Ai fc v = M ® (if 
(see e.g. [20] . Appendix B.5.6). So we get the relation 

Zf+i ® G S M ® (if® fc ) v . 
The same considerations for fc + 1 give the relation 

Mg^ ® G ^ if ® fc+2 ® Ai v . 
This prove the assertion. □ 
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4.3 Cohomology ring of the crepant resolution 



Notation 4.7. In this Section we use Not. 14.51 Moreover, by abuse of notation, for any variety X 
and line bundle L on X, we will denote by L the first Chern class a(L) G H 2 (X). If a G H*(X), 
then the cup product a U ci(L) G H*(X) will be denoted by aL. 

The ^l-case 



Proposition 4.8. Let Y be a variety with transversal A\ singularities. Then the following map is 
an isomorphism of vector spaces 



H*(Y)®H*- 2 (S)(E) H*{Z) 



8 + aE 



p*(8) +j*n*(a). 



(21) 



Under the identification of H*(Z) with H*(Y) © H* 2 (S)(E) by means of l|2ip. the cup product of 
Z is given by 

(Si + aiE) ■ (8 2 + a 2 E) = 8iU8 2 - 2i*(ai U a 2 ) 

+ (i*(Si) U a 2 + en U i*(5 3 ) + 2R 1 TT t N E/z U ai U a 2 ) E. 

Proof. The map 112111 is clearly an isomorphism of complex vector spaces. From the projection 
formula we get 

j,TT*(a) U p*(S) = j* (ir*(a) ■ j*p*(6)) = j»vr*(a • i*8). 
Hence aE - 8 = (aU i*8)E. For cti, a.% G if* (5) 

j*7r*(ai) U j,7r*(a 2 ) = p*(5) + j*"K*(a) 

for some <5 G H*(Y) and a G H*(S). Using again the projection formula we have 

j»7r*(Qi) U j,n*(a 2 ) = j, (iVfi/z U 7r*(a?i U a 2 )) . 

Therefore 

5 — p»(j»7r*(ai) U j,7r*(a2)) = — 2i»(ai U Q2). 
To determine a we notice that n*(a) is the coefficient of 0f(— 2) in i*(j*7r*(ai) U j*7r*(a2)), hence 

a = 2ai U Q2 U F^-k^Ne/z- 

□ 

The A n -case 

Proposition 4.9. £et Y be a variety with transversal A n -singularities whose associated orbifold [Y] 
has trivial monodromy. Then the map below is an isomorphism of vector spaces 

H*(Y)(BT=iH*- 2 (S)(E l ) H*(Z) (22) 

n 

5 + aiEi + ... + a n E n t-f p*(S) + y^Juni(ai). 

1=1 

Under this identification the cup product of Z is given by 

n 

EiUEj= P *(EiUEj)+Yl<xiEi, (23) 
(=1 

where the vector (ai, ...,a„) is 
. (0,...,0) if\i-j |> 1; 

• */ i — j — 1 ara ^ j £ {2, n} it is defined by the system 
( \ 





jK-M 
M - (j - 1)K 






/ -2 1 

1 -2 









1 
1-210 

1-2 1 







1 



-2 1 



V 



... \ 


/ ai \ 


... 




... 




... 




... 





1 -2/ 
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ifi = j and j £ {1, n} then it is defined by 

I \ / 



M - (j - l)K 

-4K 
(j + 1)K - M 


o / V o 



-2 


1 









... 


I 


_2 


I 


n 

u 




n 

u 





1 


-2 


1 





... 








1 


-2 


1 ... 


... 











1 


-2 1 ... 


... 



/ ax \ 



-2 / V 



For the proof we need two lemmas: 

Lemma 4.10. For any q we have an exact sequence 



0^H q (Y) H q {Z) 



li*} 



H q {E)/n*(H q {S)) -> 0, 



where [j*] is the composition of j* with the projection H q (E) — » H q (E) /ir* (H q (S)) . The sequence 
splits, so we get an isomorphism of vector spaces 

H q (Z) H q (Y) H q (E)/ir*(H q (S)). 

Proof. The exactness follows by comparing the exact sequences of the pairs (E, Z) and (S, Y). The 
sequence splits since there exists a push-forward morphism p* : H*(Z) — » H*(Y) which satisfies 
p*o P * = id H *( Y )- □ 

Lemma 4.11. There is a canonical isomorphism of vector spaces 

H\E)/**{H*{S)) - ©r=i#*(^)/*f 
Proof. This is an easy consequence of the structure of the cohomology of P 1 -bundles. □ 
Proof of Proposition 14.91 Let us denote by c„ the nxn matrix which is minus the Cartan matrix, 



/-2 
1 



\0 



1 ... 

-2 10 



1-21 
... 1 -2/ 



(24) 



As a consequence of the above Lemmas we have that the vector spaces H*{Y) ©JLi H*~ 2 (S){Ei) 
and H*(Z) have the same dimension, so it is enough to show that the map in l122[| is injective. Hence 
let us assume that 



(25) 



Then 8 = p*(p*(5) + XlILi 3i*' K l( a i)) = 0. Moreover, applying j%. to 112511 we get the following 
equation up to elements in nl(H*(S)), 







Jk 



= 7Tfc(Qfe_i)[£ fc _i n E k C E k ] + n* k {a k )N Ek/z + nt(a k+1 )[E k+1 n E k C E k ] 

= TT* k (a k -i-2a k +a k+1 )0 Fk (l), (26) 

where, by [Ek-i n E k C E k ] (resp. [E k+ i PI E k C Ek]) we mean the cohomology class dual to the 
homology class of E^-i PI £fe (resp. E k+ i n i?fe) in E k . Equation l]2Gp is a consequence of Prop. 14.61 
and the following identities (see |20|): 

[Ei- X f\Ei C£n] =ci(0 F ,_ 1 (l)®irr-i-E'i-i) 
[J5 { _i fl£,C Ei] = ci(C Fi (l) ® 7r*Mi). 
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From |12G[| we have (c„)ki&i = for any k = 1, ...,n. Since c n is non-degenerate, a; = for all i. 
This shows that the map is injective and hence an isomorphism. 
Then to prove (123 j) . we write 



(27) 



(=i 

where 5 G and a ; £ ff*(S). Then 



5 = p,(Ei U £7, 



if|i-j|>l 
S] if|i-j| = l 
-2[S] if|i-j[=0. 



To determine the Q;'s, we pull-back through jt both sides of lf27)l obtaining, up to elements in 

<(H*(S)), 

f k {Ei U Ej) = ^.(Qfc-! - 2a k + a k+1 )0 Fk (1). 

On the other hand, the left side of l|27p reads 

f k (Ei U Ej) = f k {jU\Ei]) U = [£< flE t C U [Ej HE k C E k ]. (28) 

We now distinguish three cases. 
Case \i - j\ > 1. Then E t U Ej = 0. 



Case i = j — 1, j € 2, n. Then 



HiEi-iUE-j) = ^ 



for fc < j - 1, 

N Ej _ x /z U n £" 3 C for fc = j - 1, 

I^U^-inSjCB,] forfc=j, 

.0 for fc > j. 



In order to compute N E j z we proceed as in the last part of the proof of Prop. 14.61 We get 



N, 



Fl {-2)+^{K-Li -Mi\ 



Therefore, up to elements in n' k (H*(S)), we have 

'0 



for fc < j — 1, 
Of^WUK - M) forfc = j-l, 
Fj (1)(M-(j-1)K) forfc = j, 
,0 for fc > j. 



Then the a^s are uniquely determined by the following system 
/ \ 





jK-M 
M - (j - l)K 






/ -2 1 

1-210 

1-2 1 ... 

1-210 

1 -2 1 



V o 



\ / oi \ 



n 





-2 J 



(29) 



Case \i — j\ = 0. This case is analogous to the previous one hence we omit the computations. □ 



5 Quantum corrections 

In this Section we compute the quantum corrected cohomology ring (as introduced in Def. 11.81) of 
the crepant resolution p : Z — » Y of a variety with transversal A n singularities. We will assume that 
the orbifold [Y] associated to Y has trivial monodromy. 
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5.1 Gromov-Witten invariants of the crepant resolution 

We give here a conjectural formula for the genus zero Gromov-Witten invariants of Z which are 
needed to compute the quantum corrected cohomology ring. We will use Notation 14.51 Moreover 
we identify H*(Z) with H*(Y) ffi™ = i H*~ 2 (S){Ei) by means of the isomorphism (12211 . so that a 
cohomology class 7 G H*(Z) of Z will be denoted by 

7 = 5 + axEi + ... + a n E n , with 5 G H*(Y), ai G H*- 2 (S). 

Let f3i G H2(Z, Z) be the class of a fiber of 7r; : Ei — > S. Then /3i, j3 n is an integral basis of Ker p, 
(see Assumption 11.31) . 

We will denote by (71, 72, 73) the genus zero Gromov-Witten invariant of Z and homology 
class F = aiPi + ... + a n /3 n G H2(Z,Z), namely 

*? (71,72,73) = / _ . e«3(7i <g>72 ® 73) (30) 

where 7» G H*(Z), V G Ker p*, Aio,3(^,r) is the moduli space of 3-pointed stable maps [p : 
(C,pi,p2,p-i) — > Z] such that p*[C] = F, the arithmetic genus of C is 0, and evs : M.o t 3(Z,T) — » 
Z x Z x 2 is the evaluation map. 

Conjecture 5.1. Under the previous hypothesis, the following expression holds for the Gromov- 
Witten invariants: 

[0 2/71,72 or 73 are in H*(Y); 
*r (71, 72, 73) = < ■ f3^)(E h ■ Pp V )(Ei 3 ■ /3 M „) f s ai ■ a 2 • a 3 ■ R x -k*N e / z 
[O in the remaining cases. 

where the second possibility holds if F = a • /3 M „ wit/t /3 M „ := /3 M + ... + /3„ /or p, i> G {1, n} 
ft <v, and 74 = «i ■ /or i G {1, 2, 3}. 

Remark 5.2. We report here an outline of the proof of Conjecture 15.11 The complete proof is 
given in a work in progress with B. Fantechi where we also compute the quantum corrections in the 
transversal D and E cases. In Section 7 we prove this conjecture in the Ai-case, in the v4 n -case if 
F = Pfiv, and also in the A„-case for any F under some additional hypothesis on Z. These results 
will be used in order to prove the conjecture in the general case. 

Our references for virtual fundamental classes are [4] and [30] . In particular notations are taken 
from Q]. 

It follows from Lem. 17. li the existence of a morphism 

<f> : M ,o(Z,F) S (31) 

of Deligne-Mumford stacks such that, if F = /3 M „, then it is an isomorphism. Under the identification 
of Mo,o(Z, Pfiu) with S by means of (J3TJ) , we have, by Th. EH 

[M , (Z,MY ir = ci {R^.Ne/z) . 

Therefore, Conj. 15. H is equivalent to the following statement (see Lem. IT. 5 p : 

<f>4M , (Z,r)] viI = a[M , (Z,M] vir (32) 

where 

fi if r = dR.... 

(33) 



if r = dp^ 

otherwise. 



Notice that A4o,o(Z, F) and Mo,o{Z, /3^) have the same virtual dimension. 

Let — > L',-. ,„„, and Ea — > L'.-. ,„ „ , denote the standard obstruction theories of 
Gromov-Witten theory. There exists a morphism 

6 : tfE}^ - E'r 

in the derived category D(O 7 vi o( z , r )ct)' Let ^"(®) ^ e ^ ne ma PP m g cone of 0, then by standard 
properties of the mapping cone we have the commutative diagram below 

4>*^ E' r C (9) (34) 
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where the rows are distinguished triangles and L* denotes the relative cotangent complex of <j>. It 
turns out that C'(O) — > L* is a relative perfect obstruction theory and its restriction on each fiber 
of 4> is an obstruction theory of virtual dimension 0. As a consequence we have l132[| . To determine 
the constant a in (1321) we can assume that Z satisfies the hypothesis of Th. 17.151 This proves (1 3 3 f) 
which complete the proof. 

Remark 5.3. Notice that, if [Y] carries a global holomorphic symplectic 2-form w, then we can 
identify L with M v by means of uj. Hence 

(n + l)K = M ® L = Os 

and all the Gromov-Witten invariants vanish. 



5.2 Quantum corrected cohomology ring 

Proposition 5.4. Let Y be a variety with transversal A n singularities such that n = 1 or n > 2 
and the corresponding orbifold \Y] has trivial monodromy. Let p : Z — > Y be the crepant resolution. 
Then, with the hypothesis under which Conj. I5.il holds, the quantum corrected cup product * p is 
given by 

n 

Ei * p Ej = p*(Ei U E 3 ) + J2 {Cn 1 )lrn{Rijm.{q)R 1 -K*N E /z + Otij m }E U (35) 

/ ,m— 1 

where (c" 1 ) is the inverse matrix of l124[| . q := (qi, ...,q n ), 

fiijm(?)= V {Ei ■ MiEi ■ P^)(E m ■ fl,„) , 

!<^<,<n 1 q f ' ' ' qV 

Here /3 M „ := f3^ + ... + j3 v and asijm = a = —4R 1 n*,N E / z if n — 1, otherwise it is defined by 

n 

Ei U Ej = P *(Ei U Ej) + {c~ 1 ) lm a i:im E l 

l ,m— 1 

(see Prop, 

Proof. First of all we notice that if 71 G H*(Y) or 72 G H*(Y), then 71 * p 72 = 71 U 72. Indeed, in 
this case, all the Gromov-Witten invariants ty r (71, 72, 73) are if F G Kerp*. Therefore the quantum 
corrected cohomology ring is determined by Ei * p Ej, for all i,j G {1, n}. 
By definition we have that 

Ei * p Ej = Ei U Ej + EiUqcEj, 
where EiL) qc Ej is defined by the equations 

{E i U qc Ejn} = {Ei,E j ,j) qc (q 1 ,...,q n ), y£H*(Z). (36) 
From Prop. 14. 9| it is enough to show that 



EiU qc Ej = (cn 1 )!mft J m(g) J R 1 7r»Af B/z S ; . (37) 

l ,m— 1 

In general, we have 

Ei U qc E 3 = ei(g)£i + ... + e n (q)E„ 
for some ei(g), t n (q) G H*(S). To lighten the notations, we will denote £i(g) with e; for all 
I G {1, n}. Notice that Ei U qc Ej G H*(Y) ± , where ^(Y) 1 - is the subspace of H*(Z) which is 
orthogonal to H*(Y) with respect to the Poincare pairing. We compute the left hand side of ll36l : 

(EiU qc Ej,aE k ) = / y^ji^iefiUaEk 
Jz i=i 

n „ 

i=i Jy 

n p 

i=i Jy 

n „ 

= Y\ nni„(Ttt(ei U a) U [E t n E k C Ei}) 



L 



Y 

fefe_i - 2e fe + e fe+ i) U a. 
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On the other hand, the right hand side of (|36p is given by 

{Ei,E h aE k ) qc (q) = Y, J2 (^■■■<l") a ( E >-M( E 3-M( E k-M / aR\*N E/z 

a = ll<(i<Kn S 

= Rijk(q) / aR 1 Tr,N E / z . 
J. 5 

Therefore, comparing the two expressions, lf37|l holds. □ 

We give now a description of the line bundle R^^tt^Ne/z- This will be used to compare the 
Chen-Ruan cohomology of [Y] and the quantum corrected cohomology of Z. 

Lemma 5.5. For any fi < v, /j,, v 6 1, n, there is an isomorphism 

R ^HvJ^E^JZ — K 

where K is the line bundle defined in Not. \3.1(A 

Proof. Let us first assume that /i < v. Then let a be an integer which satisfies i < a < j, 
E a := Ei U ... U E a and E a +i := E a +i U ... U Ej. Let us denote S a = E a H E a +i- Consider the exact 
sequence 

o o E . v Og a e o Ea+1 -» o Sa o. 

This gives the exact sequence 

- JV W z - N ga/z (S a ) N Ea+l/z (S a ) - iV BM „/z |Sa - 0. (38) 

We now claim that 

R 1 K^ L , t N Efiv / z = N E/Z ^ S ^. 

This follows from the long exact sequence which is obtained applying the functor R'n* to (j3Sj) . 
Notice that 

R P **N Ea/z {Sa) = R p TT*N Ea+l/z (S a ) = for all p > 0. (39) 

Then, since 

N E/Z[Sa =N Sa/Ea ®N Sa/Ea+1 

we get the result by considering the explicit description of the divisors Ei in terms of the line bundles 
Li, Mi and K given in Prop. 14.61 

If /i — v = I, then the result follows from (l29l) . □ 

6 Verification of Conjecture 1.9 for A\ and singularities 



We put together the computations of the previous Sections in order to verify Conj. 11.91 in the A\ 
and A2-case. 

6.1 The Ai-case 

In this case Conj. 15. H is proved in Th. 17. 6| so the quantum corrected cohomology ring reads 

(5i + a.\E) * p (5 a + a 2 E) = 5i U 8 2 - 2u[a\ U a 2 ) 

+ (i* (Si) U a 2 + qi U i* (5 2 )) J5 



+ ( (2+4^-^— )R 1 n r N E/z UaiUa 2 



9 

On the other hand, the orbifold cup product is given by 

(Si + ate) Uch. (^2 + a 2 e) = 5i U 5 2 + ~i*(a\ U a 2 ) 

+(i*(5i) U a 2 + oli U f (5 2 ))e. 
It is easy to see that the morphism below is a ring isomorphism 

H* CR ([Y]) - fT(Z)(-l) 
(5, a) h-> (5, -^Y^a)- 
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6.2 The A 2 -case 

Here [Y] denotes an orbifold with transversal A 2 singularities and trivial monodromy, p : Z — » Y is 
the crepant resolution. We assume that Z satisfies the hypothesis under which Conj. 15.11 holds. 

Notation 6.1. We define *i := S 2 := -r 22 - and * 3 := . "> iq2 . 

1-91 ' 1 — 92 1 — 9192 

In this case, the quantum corrected cohomology ring H*(Z)(qi,q 2 ) can be given explicitly using 
Prop. El 

E 1 * P E 1 = -2[S] + ~[(45i+* 3 +2)L+(45i+* 3 + 3)M]£i 

+~ [(82 + 8 3 )L + (62 + 83 + 2)M] E 2 
Ej * p E 2 = [S] + i [{-2Si +S 3 - 1)L + (-28-1 + 8 3 )M] E x 

+i [(-25 2 + S S )L + {-2S 2 + 83- 1)M] E 2 
E 2 * p E 2 = -2[S] + i [(*i + S 3 + 2)L + (*i + S 3 )M] Ei 

+- [(4* 2 + *3 + 3)L + (48 2 +83 + 2)M] E 2 . 

On the other hand, the Chen-Ruan cohomology ring ^cr([V]) has the expression (Th. 13.121 see 
also Ex. |3~T5]) 

1 T 

ei Ucr ei = -Le2 



ei Ucr e 2 = -[S] 



e2 Ucr e 2 = \~Me\. 



We look for a linear map 



H;(Z)(qi,q 2 ) - H CR ([F]) (40) 
£1 i— > aei + 6e 2 
£2 1— > cei + de 2 

and (<?i,g 2 ) such that I140II is a ring isomorphism. 

First of all we notice that the previous expressions for the quantum corrected cup product * p and 
for the orbifold cup product Ucr are symmetric if we exchange £1 with E 2 , L with M and ei with 
e 2 . So we impose the conditions b = c and a = d. In order that l140tl is a ring isomorphism, a, b, q± 
and 02 have to satisfy the equations 

|a6[S] + |& 2 Mei + ia 2 Le 2 = -2[S] + i [(4^ + * 3 + 2)L + (4*i + * 3 + 3)M] (aei + 6e 2 ) 

+ 3 [(82 + 8 a )L + (82 + 83 + 2)M] (6ei + ae 2 ), 

^_±^! [ S ] + ^ Mei + y Le 2 = [S] + I [(-2*i + * 3 - l)i + (-2tfi + * 3 )M] (aei + be 2 ) 

+i [(-2*2 + * 3 )£ + (-2*2 + 5 3 - 1)M] (6ei + ae 2 ). 

Now, identifying the coefficients of ei and e2, we get the following system of equations: 

h b = ~ 2 

a 2 + 6 2 _ 
3 

a(4*i + * 3 + 2)L + a(4*i + * 3 + 3)M + b(8 2 + 8 3 )L + b(8 2 + 83+ 2)M = b 2 M 
6(4*i +83 + 2)L + 6(4*i + *3 + 3)M + a{8 2 + S 3 )L + a(S 2 + 83 + 2)M = a 2 L 
a(-2*i + * 3 - 1)£ + a(-2*i + * 3 )A/ + 6(-2* 2 + 8 3 )L + b(-28 2 +83- l)M = abM 
6(-2*i + * 3 - 1)L + 6(-2*i + * 3 )M + a(-2* 2 + 8 3 )L + a(-28 2 +83- l)M = abL. 



2:] 



In special cases there could be relations between L and M so that the previous system can be 
simplified, but in general they are independent. The resulting system can be solved and the solutions 
are 

7 11 2 2 

(a,b,q 1 ,q 2 ) = (^3exp(-7ri), V3exp( — m), exp(-Tri), exp(-Tri)) and 

( V3exp( 1 7ri) , VSexp ( i 7ri) , exp ( ^ vri) , exp ( | yri) ) . 
So, we have proved the following. 

Proposition 6.2. Under the hypothesis in the beginning of Section 6.2, if qi = qi = exp(|7ri) or 
qi — q-2 = exp(|7ri), then, the ring H*(Z)(qi,q2) is isomorphic to the Chen-Ruan cohomology ring 
^cr(M)- Moreover there is a unique isomorphism given by the following linear transformation 

H* p (Z)( qi ,q 2 ) - H* cn ([Y]) (41) 
Ei i— > aei + be2 
E2 I— > bei + ae2 

where (a, b) is equal to (\/3exp(|7ri), \/3exp(^-7ri)) in the first case and to (\/3exp(|7ri), \/3exp(i7ri)) 
in the second one. 



7 On the Conjecture 15.1 



In this section we prove Conj. 15.11 in some cases. As we saw in Rem. 15.21 the fact that it holds in 
the following cases will be used to prove it in general. First we give some general results which allow 
us to simplify the computation. 

Lemma 7.1. Under the same hypothesis of Conj. \5.1\ there is a morphism 

(t>:Mo,o{Z,r)^S 

such that, for any point p £ S , the fiber (f>~ (p) is isomorphic to Mo ,o(-R, T) (see Not. \2.3\) . Moreover, 
there is a covering U — > S in the complex topology and a Cartesian diagram 

UxM ,o(R,T) ► M ,o(Z,r) 

| (42) 

u ► s. 

IfT = /3 M „ for H<v, then <j> is an isomorphism. 

Proof. Step 1. We first prove that for any scheme B of finite type over C and any object 

C — - — > Z 



B 

in Mo,o(Z, V)(B), there is a morphism g : C — > E such that f = j ° g, where j : E — > Z is the 
inclusion map. 

Let Oz{E) be the line bundle over Z associated to the divisor E, and let s be the section of 
Oz(E) defined by E, that is, s = {si} where s; are local equations for the Cartier divisor E. Then 
/ factors through E if and only if f*s vanishes as section of f*Oz(E). We show that p*f*Oz(E) is 
the zero sheaf. 

First of all we assume that B = Spec(C). Then 

p*f*([C))=0, 

where p* and /* are the morphisms of Chow groups induced by p and / respectively and [C] is the 
fundamental class of C. It follows that the image of p o / is a point y G S, so that /(C) C E. Since 
C is reduced, / factors through E [23]. Notice that f(C) is contained in a fiber of n : E — > 5*. 

Assume now that B is a scheme of finite type over C and / : C — > Z is a stable map ove r B. 
Given a point b £ B, let X be the sub-variety of B whose generic point is b, namely X = {&}. For 
any closed point x £ X we have that H°{C X , f*Oz(E), c ^) = because f\c x factors through a fiber 
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of E over S. By Cohomology and Base Change it follows that {p»f*Oz{E)) x <g> k(x) = 0. Since 
p*f*Oz{E) is coherent, it is zero on a neighborhood of x, so it is zero on b. 

Step 2. Let ip := it o g : C — > S. We prove that there exists a morphism <j) : B — > S such that 

(p — 4> ° P- 

First of all we define a continuous map : B — » S such that ip = <j> o p. From 5iep i we have 
that, if 6 € B is a closed point, we can define (f>(b) by 

4>(b) := 7r(/(CW). 

Now, let 6 £ B be any point, and let X be the sub-variety whose generic point is b. Then we define 
4>{b) to be the generic point of the closure of </>(X) in S. The condition ip = <f> o p implies that <p is 
continuous. In order to give a morphism <f> : B — > S it remains to find a morphism of sheaves 

^ :O s ^ (t>*0 B . 

For this, we take the composition of ip^ : Os — > <p*Oc with the canonical isomorphism <p*Oc —> 
4>*Ob- Notice that, since p : C — > B is a flat family of genus zero curves, the canonical morphism 
Ob — » p*0c is an isomorphism. 

The existence of an open covering U — > S 1 such that l]42[| is Cartesian follows from the local 
structure of Z. 

Finally the last statement follows from the fact that if Y = fi\ + ... then we have an inverse 

of </>. It is given by sending any morphism B — * S to the stable map 

Bx s E Z 

pri \, 
B 

□ 

Remark 7.2. Notice that, if 

C — - — > Z 

>l 

B 

is an element in A4o,o(Z, [3^ + ... + (3 V )(B), then for any C-valued point b G B, the morphism 
fb : Cb — * Z is an embedding. Then there is a neighborhood U C B of fo such that the restriction 

/u : Cu — > Z 

is a family of embeddings parametrized by U f|42j. Note 3 pag. 222). First order deformations of 
Eb = fb{C'b) in Z are parametrized by 

/f°(i5 b , 7V Bt/z ) S fl°(S b , tt? (Ts,0 JV Efc/A ) = Ts,,,. 

This identifies the tangent space of Mo,o(Z, + ... + (3 V ) at b with T,g,<Kb)- 
Remark 7.3. We write explicitly the morphism on tangent spaces 

T 4>AC} '■ T M 0:0 (z,r).[c} -> ( 43 ) 
where [C] denotes the C-valued point 

C — > Z 

'I 

Spec(C) 

in Mo.o(Z,r), and x = p(/(C*)) G S. 

For any C-module AT, the tangent space Tj^ a (z,t),[C]{N) can be identified with the module 

Ejrt£([f*nz->fio],Oo®cN), (44) 
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which parametrizes commutative diagrams of the form 

f'Slz — */*fiz 



*~ O c ®c N >~ B «c »- 

|30| . In a neighborhood of /(C), Z is isomorphic to U x R, where U C S is an open neighborhood 
of x in S. Hence / = (fp, fs), 

and the module l]44p is isomorphic to 

Ext^Ifin^ -> nc],Oo ®c N) x Extfc(flci0c8cN) E x t^([f s *fi S:X - n c ],Oc ®c N). (45) 

Since fs&s,x — > is the zero morphism, we get a morphism 

Extfe([f|n s>x -» n c ], Oc ®c N) Hom c (f s *«s,x, Cc ®c N) = T s , x ® N. (46) 

Then lf43]) is the composition of the projection of lf45|l on the second factor with (|46|) . 
Lemma 7.4. Let 71,72 or 73 6e elements ofH*(Y). Then 

*r (71, 72, 73) = 

/or any F = ai/3i + ... + a n (3 n . 

Proof. By the Equivariance Axiom for Gromov-Witten invariants (see e.g. [13]) we can assume that 
73 = p*{8z). The virtual dimension of M.o,3(Z, F) is equal to the dimension of Z. Hence let 71,72,73 
be cohomology classes such that 

deg(7i) + deg(7 2 ) + deg(5 3 ) = dimZ. 

We have the following commutative diagram 

M , 3 (Z, F) eV3 » Z x Zx Z 

/3,2 x/3,0 idxidxp 



M , 2 (Z,F) x Mo,o{Z,F) e " 2Xy » ZxZxY 



where f> = i o <j>. Then 



e«3*(7i <8> 72 ® p*((?3)) = (/3,2 x /3,o)*(e«2 X v)*(ti 1872 <8> 5 3 ) 
= [/3,2e«a(7i ® 72)] • [/s.o^*^)] 
= /a,2 ([e«2(7i ® 72)] ■ [/2,0V* (*3)] ) 

where we have used the fact /3,o = /2,o /3,2. On the other hand, the following equalities hold 

[MoAZ,F)] vlr = flo[MoAZ,F)] vlr 

= fl2flo[M , (Z,F)] v ' r 

= fl2[MoAz,r)] vir . 

Then 

4^(71, 72, P*(<5 3 )) = / . / 3 * 2 ([e«a(7i ® 72)] • [floV* (S3)]) 

= (constant)-/ . [ev 2 (71 ® 72)] ■ [/ 2 , 0^* ($3)] 

J[M , 2 (z,r)]" lr 

which is zero since the virtual dimension of A4o,2(Z, F) is the virtual dimension of Mo^Z, F) minus 
1. □ 

It remains to compute the invariants of the form 

*r (ji t (ai) , ji 2 »7r* 3 (a 2 ), ji 2 „ 7Tj* (a 2 ) ) , 
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where ai,«2,c*3 G H*(S) satisfy the equation 

deg ai + deg a 2 + deg 013 = dimS — 1. 
With the next Lemma, we reduce this computation to an integral over the class 

MMo,o(Z, T)] vlr £ A dimS -i(S) 
Lemma 7.5. In the above situation the following equality holds, 

*r Uh *7i"i* (an),ji 2 „7rf 2 (a a ) , jh »f* 2 ( Q 2 )) = 
= (E h ■ T)(E h ■ T)(E h ■ T) f (ai ■ a 2 • a 3 ). 

Proof. Consider the Cartesian diagram below which defines E x s E xs E 

E x s E x s E ► E x E x E 

1 I 

S > SxSx S 

where the arrow in the last line is the diagonal embedding. 

Prom Lemma EH the evaluation morphism ev3 : Mo^Z, T) — > Z x Z x Z factors through a 
morphism ei)3 : Mo,3(Z, P) — > E Xs E Xs E and the inclusion ExsExsE-^ZxZxZ. Then 

*? C?!i **fi (ai) , ji 2 » 7r* a (a 2 ) , j; 2 „ 7rf 2 (a 2 )) = 

e5 3 (Ob^J® E (E la )® E (E l3 )n*(ai ■ a 2 - as)). 



We now apply the divisor axiom getting 

*f (3h*Kh (ai)) Ji2»T* a ("2), ji 2 »7r* 3 (a 2 )) = 



(JS^ • r)(£ i2 ■ r)( J B i , ■ T) / 0*(ai • a 2 • as) = (47) 



(E h ■ T)(E h ■ T)(Ei 3 ■ r) / (ai • a 2 ■ as). (48) 

■'■MAVotz.r)]"**- 

□ 

7.1 Proof of Conj. 15.11 in the Ax-case 

This case is a generalization of the computation of the Gromov-Witten invariants done in |28| . To 
prove our result we use some ideas from that paper. 

We use the same notation of Prop. 14.41 We will denote by 



C — > Z 

•I 

Mo,o( z > a P) 

the universal stable map and by g : C — > E the morphism such that / = j o g (Lem. 17. ip . 

Theorem 7.6. Coniecture \5. 1\ holds for Z being the crepant resolution of a variety with transversal 
A\- singularities. 

We now prove some lemmas at the end of which we will conclude that Th. 17.61 is true. 

Lemma 7.7. The moduli stack Mo,o(Z,af5) is smooth of dimension dimS = 2a — 2. The virtual 
fundamental class is given by 

[M ,o(Z,a/3)] vtr = c r {h\E' w ))- [MoAZ,af3)] (49) 

where 

h 1 (E' v )^R 1 P 4g*N E/z ) (50) 
is a vector bundle of rank r = 2a — 1 . 
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Proof. The smoothness of Mo,o(Z, a0) follows from the fact that the fibers of <f> are smooth (see 
Lem. 17. ip . Indeed they are all isomorphic to .Mo,o(IP ,0,0). The dimension of Mo,o(Z, a0) is easily 
computed. Equation l|49p follows from [3]. It remains to prove equation l|50p . 
We first show that R 1 p*(f*Tz) is a vector bundle of rank 2a — 1, and 

R 1 p,trT z )^R 1 P 4g'-N E/z ). (51) 

Let u = : D — > Z] S Mo,o(Z, o/3)(SpecC) be a stable map. Consider the following exact sequence 
of locally free sheaves on E 

— > n*T E — ► h*T z \e — » H*N E / Z — > 0. 
Since H 1 (D, fi*T E ) = 0, we get 

H\D,fTz)SiH\D % i?NB/z) 

which has dimension 2a — 1. This shows that the dimension of // (p _1 (u), /*rz)| p -i(„)) is indepen- 
dent from u, hence R 1 p*{f*T z ) is locally free of rank 2a — 1. To prove l[5T|l we apply R'p, to the 
exact sequence 

-v T E -> T Z \ E -v JV B/ ^ 0. 

□ 

Lemma 7.8. We /taue t/te esoci sequence 

-» cI>*(R\*Ne /z ) &p.(g*N E/g[ ) ^ -> 0, 

where J- is a vector bundle of rank 2a — 2 whose restriction on each fiber of(f>~ 1 (p) is now described. 
Consider the commutative diagram 

0- 1 ( P ) — m 

where C^-iua is the restriction of C over -1 (p), P| (resp.g\) is the restriction of p (resp. g) on 
it, E p = 7r _1 (p) and 7r p is i/ie restriction of it. Then, under the identification of E p with P 1 , i/ie 
restriction of T to cj>~ 1 (p) is 

i?^ u (<7|*(eV(-l)e0 P i (-!)))■ 

Proof. Since E = P(f), we have the surjective morphism: 7r*(_F v ) — > 0f(1). Its kernel is 

(A 2 7r*(J ?v )) <g) Of(— 1). So we have the exact sequence 

-> (A V(F V )) ® Of(-1) -» tt*(F v ) -» 0,(1) 0, 
which tensorized with (n* A 2 F ® G) ® 0f(— 1) yields 

-> iVB/z tt*(F® G) ® Of(-1) -> it* (R}ir*N e/z) -> 0, (52) 

using Prop. 14.41 

The pull back under g of lf52l gives a short exact sequence of vector bundles on C. Now, applying 
the functor R'p*, we have the long exact sequence: 

-» p,g*N E/z -^p, (p*cj>*(F®G)®g*0 F (-l))^p*p*<l>*R 1 n*NE/z 
R 1 p*{g*N E/z ) -> flV (pV(F8 G) ® s*0f(-1)) 

Notice that 

p. (pV*(F ® G) <g> 5 *Of(-1)) = 

by Cohomology and Base Change. Moreover, the projection formula gives 

p,p*4>* R 1 n*N E/z S 4>*(R 1 TT t N E/z ) 
R 1 P*(j>*4>*R 1 -k«N e/z ) = 4>*{R 1 ^Ne/z) ® R 1 p*Oc = 0. 
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So the thesis follows once defined 

T := i?V (p*4>*(F ® G) ® <?*Cf(-1)) 



□ 

Theorem 17.61 is now a consequence of the formula 

/ tSa-a^Pl, (Opi(-l)©Opi(-l)))) 

J<#,-i(p) 

(see e.g. [13|). 

7.2 Proof of Conjecture 15.11 in the A n -case and Y = (3^ v 

Theorem 7.9. Conjecture I5.il holds for Z the crepant resolution of a variety with transversal A„ 
singularities such that the associated orbifold has trivial monodromy and Y = /3 M „. 

As in the previous case we need some further results in order to prove the Theorem. 
The moduli stack A4o,o(Z, /3 M „) is smooth and isomorphic to S through <j> (Lem. 17. ip . Hence we 
identify Mo,o(Z, /3 M „) with S, so the universal stable map will be 

E 3 - — > Z 

•I 

M ,o(Z,(3^). 

The virtual dimension is dim(S') — 1 and the virtual fundamental class is given by 

[Mo, (Z,Pij)] vir = ci(^ 1 (-E* V )) ■ [MoAZ,M] 
where E* is the complex |4J 

E* = R'n,{[fn z -» n,r]8w T ). 

Without loss of generality we assume that fi = 1 and v = n. 
Lemma 7.10. 

h^E^) R\,N E/Z . 

Proof. The complex of sheaves 

fQz -» Or (53) 

is isomorphic, in the derived category D(Oe), to a locally free sheaf G in degree — 1. Indeed, the 
morphism j*Qz — > O-n- is surjective and, if G denotes its kernel, we have the exact sequence 

O^G^ fflz ->0. 

Since fi-n- is of projective dimension one, it follows that G is locally free. So, 

h 1 (E' v )^R 1 7v t (G v ). 

We have the exact sequence 

-> j*O z (-E) -> G -> w*n s ->■ 0. (54) 
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This follows from a diagram chasing in the next diagram, 





■ fOz(-E) ^ j*n z 



o =- g j*n z n„ ^ o 

o 

Then, taking the dual of l154[| and applying the functor R'n* we get the isomorphism 

R 1 n*{G v )^R\*N E/z , 

which completes the proof. □ 

7.3 Proof of Conj. 15.11 for n>2 and V general 

We use the fact that Gromov-Witten invariants are invariant under deformation of the complex 
structure of Z, so we will add the assumption that some first order deformations of Z are not 
obstructed. 

Notation 7.11. For any variety X, we will denote by Tx the sheaf of C-derivations, i.e., 

T x =Homo x (Q x ,Ox), 

where 0.x is the sheaf of differentials of X. 

Assume that H 2 (Z,Tz) = 0, then we have the following exact sequence of cohomology groups 

-> H\Y,T Y ) -> H\Z,T Z ) -> H°{Y,R 1 p^T z ) -> 0. (55) 

This is the Leray spectral sequence associated to the morphism p. 

Remark 7.12. ^(Y, Ty) is in 1 — 1 correspondence with the set of equivalence classes of first order 
deformations of Y which are locally trivial. On the other hand H (Z,Tz) is in 1 — 1 correspondence 
with the set of equivalence classes of first order deformations of Z modulo isomorphisms. Therefore 
the sequence I155H has the following meaning in deformation theory: to any first order locally trivial 
deformation of Y we can associate a first order deformation of Z, the remaining deformations of Z 
come from H° (Y, R 1 p*Tz) ■ We are interested in understanding the last deformations. 

Lemma 7.13. Let 

ob M „ : R 1 P „T Z U{B>{^ v yN Ellu /z) (56) 

be the composition of R 1 p,T z -> u{R}n«(j* (T z ))) with i, (R 1 ^, (f (T z ))) -» i*(R 1 (^^)*N E ^ /z ) . 
Then ob M „ is surjective and, ifD^ v denotes its kernel, we have the following exact sequence 

2V R 1 p*T z UiFp-faJ.NE^/z) 0. (57) 

Proof. Over an open set W C Y isomorphic to C fc x R, we have 

H°{W,R 1 p tf T z ) = H l (C k x R,T ckxii ) S H°(C k ,O ck )®H\R,T A ). 

This follows from Kiinneth formula and the fact that the surface singularity is rational. On the other 
hand, let C = Ci + ... + C n be the exceptional divisor of R — * R and C M „ = + ... + C v , then 

H° ( W, i. R 1 (n^ ) . N E ^ /z ) £ H° (C fc , O ck ) ® H 1 (C» v , N 0fa> /R ) . 

It is hence enough to show that 

H\R,T k )~,H\C, v ,N c ^ /k ) 
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is surjective. This follows from the fact that the morphisms if 1 (7?, Tg) — > i? 1 (C flJ y, Cg> Oc^) 
and i? 1 (C M ^,T^ CS> 0c p J — * H 1 ^^, N c u /j£} are surjective. To prove surjectivity of the second 
morphism we consider the exact sequence 

o -» r c ^ - r A ® o c<w - Jv CfWA - firfj, 0<w (nc M „ , 0cv) - o. 

Let T denote the image of the morphism CS> Oc^,, — + N c ^j^, then we get two exact sequences 

o T Cfl „ ® c?c M „ ^ -» o, 

-> T - iV 0(>> , /5 - £rfj> 0(tt , (nc M „ , Oc„J - o. 

From the long exact sequences of cohomology groups we have that the morphisms H (C M „ , Tg CS> 
Ocv) H^C^,^) s,ndH 1 {C IMV ,J r ) -> H 1 ^^, N 0iiv/& ) are surjective. Since Bxto a u (fiev , CflIJ 
is a sheaf supported on the nodes of C M „. This complete the proof. □ 

Remark 7.14. Notice that R 1 p*Tz is locally free of rank n and is supported on S. Since also 
R 1 L (i ~iiv)*h r Eu, v i 'z is locally free of rank 1 (Lem. 1 5 . 5 jl . it follows that 2? M „ is locally free of rank n — 1 
and it is supported on S. 

Theorem 7.15. Let Z be the crepant resolution of a variety with transversal A n singularities such 
that the associated orbifold has trivial monodromy. Assume furthermore that H 2 (Z,Tz) = and 
that, for any p,v G {1, ...,n} with ix<v, there exists a global section of R 1 p*Tz which intersects 
transversally (see Lemma \7.1$\) . Then Conjecture ] 5.1\ holds for Z. 

Proof. We first prove that 

#r (71,72,73) = if r^a/V- (58) 

Let a 6 H°(Y,R} p*Tz) be a section and consider a first order deformation of Z associated to a 
(Rem. EH}: 

Z > Z-l 

1 I (59) 

Spec(C) > Spec (pi). 

There exists a finite deformation of Z which at the first order coincides with l|59p . we will denote 
this deformation by 

Z > Z 

(60) 



{0} ► A 

where A is a small disc in C around the origin £ C (this is the Kodaira-Nirenberg-Spencer Theorem 
(1958) [25], see also 02] for a review). 

We cover a neighborhood of E in Z with open subsets V of the form 

V = U x R 

where U C S is isomorphic to an open ball in C fc . Then ifBTJjl induces a deformation of V: 

V > V 

1 1 ( 61 ) 

{0} ► A. 

Let H be the semi-universal deformation space of R and let TZ — » H be the semi-universal family 
[6] (see also [24] and [45J). H is an n-dimensional complex vector space and there is a natural 
isomorphism 

H\R,T k )^T Hfi . 

Then under the identification 

(R 1 p t T z )\u — H°(U,Ou) ® -ff 1 (-R,T^) 
the restriction of a to U corresponds to a function 

au :U^H 1 (R,T j £eiTBfl. 
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Moreover l]Gip can be obtained as a pull-back of the semi-universal family 1Z—*H under a morphism 



such that 



U x A -> H 



at \t=o 



where t denotes the variable in A. 

A generic deformation of R has no complete curves. More precisely, the discriminant locus D C H 
is defined as the set of points h G H such that the corresponding surface IZh has a complete curve 
(see [8] Prop. 2.2). It turns out that 

D — Uj.^flp 

where D^ v are hyper-planes through the origin (see [6J, [8J, [24J, [45]). Moreover a generic point of 
D^v corresponds to a deformation of R with a complete curve whose homology class is [C M ] + ... + [C v ] 
(where C = Ci + ... + C„ is the exceptional divisor of p : R — > R). Thus the locus of points p G U 
where the curve n~ v (p) deforms in V has codimension 1, and the locus of points where curves in the 
fibers of ir of different homology classes deforms has codimension greater than 1. 

Since the expected dimension of Mo,o(Z, F) is dim(S) — 1, ll58ll follows (see lf47|l ). 

Now we consider the case F = a/3 M „. From l|47p it is enough to prove that 

/ <p*(ati • a 2 • a 3 ) = -3 / ai • a.% ■ as ■ R^iz^Nb/z- (62) 

J[w 0i0 (z,r)]* a Js 

To get this result we construct a deformation of Z, 

Z > Z 

1 1 (63) 

{0} * A, 

in the following way. We choose a section a G H° (Y, R 1 p*Tz) which intersects transversally T)^. 
Then J63J is given by a in the same way as l|60p . The deformation invariance property implies 

/ <f>*(ax ■ 0L2 ■ 03) = I 4>*(ai ■ Q?2 • as) 

for any t € A. We claim that for generic t £ A the number of rational curves in Z t that pass through 
three sub-varieties of class ct\Ei 1 , Q2B; 2 and a.?,Ei 3 is 

\{peS : ob M „(cr) = 0}] n (ai U a 2 U a 3 ) 

and moreover, each of this curve is isomorphic to P 1 with normal bundle 0{— 1) © £?(— 1) © 0© dlmS ^ 
Then the result follows from the fact that the Poincare dual of the homology class \{p G S : ob M „(<7) = 
0}] is ci(K) (Lem. 15. 5p and from the Aspinwall-Morrison formula (see e.g. [13] Th. 7.4.4). 

We first show that for a generic t £ A the locus in Z t of complete curves of homology class V is 
homologous to 

^({p G S : oV(cr) = 0}) C Z. (64) 

First notice that the set lf64)l is the locus of curves in Z of homology class T which deform in Z\ (the 
first order deformation of Z induced by lf63|l ). Indeed fiber- wise the morphism ob,j„ is the morphism 

H\R,T k )->H\C^,N c ^ /k ) 

which associates to any first order deformation of 7? the obstruction to extend in such deformation 
|42| . Then, we notice that, if a curve n~^(p) deforms in Z at the first order, then it deforms in Z for 
generic i £ A. To see this, let U C S open neighborhood of p G S isomorphic to a ball in C fc with 
coordinates (sci, Xk)- The deformation Z induces a deformation V as ll60)l . As before V is given 
by a holomorphic map 

Ea : U x A -> H 

such that 

d V 

— 2j(7 = ajj. 
at \t=o 
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Our hypothesis imply that 



Eu(x,0)=0 for all x G U. 
d_ 

dt\( p ,t=o) 

■Jr—^L ^ D M „ for some I. 

axi ut \ (p,t—o) 

Using the first condition we have £t/(a;,t) = £Eu(x, t) for some function Ejy : U x A — ► H. Then the 
claim follows from the implicit function theorem applied to T,u(x,t). To compute the normal bundle 
of these rational curves, notice that locally Z t is isomorphic to the product of C fc_1 (k — duns') with 
the semi-universal deformation of the resolution of the ^4i-singularity. □ 
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